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Abstract

The aim of this paper is to compare three elicitation rules, the quadratic scoring rule,
the matching probability rule and the free rule. To do so, we compare the behavior of three
groups of subjects who are ask to perform the same tasks. The tasks to be performed are
cognitive and perceptual tasks. We only vary the rule used to elicit their beliefs.

Our main finding is that the elicitation rule used does matter. According to various
criteria, the probability matching rule provides more accurate beliefs. As this rule also
has the advantage of not being sensitive to risk aversion, it has a clear advantage over the
quadratic scoring rule. The free rule does a decent job at eliciting beliefs and even outperform
the quadratic scoring rule according to various criteria.

Keywords: Belief Elicitation, Confidence, Scoring Rules, Signal Detection Theory, Method-
ology, Incentives, Experimental Economics

1 Introduction

Beliefs are key elements of decision theory. Eliciting beliefs in experiments is thus a major
concern. Elicitation methods for encoding subjective beliefs are numerous and diverse. They
notably differ on two aspects. First, there is the question of monetary incentives to report
beliefs truthfully. Among the rules which are based on monetary incentives, proper scoring
rules constitute a major group. Economists are attached to the revealed preference approach
and therefore are much in favor of monetary incentives. The common practice in experimental
economics is thus to use scoring rules which links payment of subjects to elicited beliefs. Among
proper scoring rules, the Quadratic Scoring Rule (QSR) is the most popular one in economy.
In psychology and neuroscience, this issue is less preeminent and beliefs data gathered without
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incitation are considered as valuable. A second aspect on which elicitation methods differ is
how much there instructions refer explicitly to subjective degrees of belief. In this respect,
one extreme method is to ask subject to express their beliefs directlty in terms of percentage
of chance. On the other extreme, in wagering method (Persaud and al (2007)) beliefs are
infered from the subjects’ betting behavior. Usually, instructions for proper scoring rules refer
to subjective probabilities but it could be possible to phrase the task of choosing the stakes
without making any reference to subjective probabilities.

Do these discrepancies in elicitation methods matter? Are there rules performing better than
others? It is not straightforward to know how to answer to these questions and a clarification
of what it means to elicit subjective beliefs is first needed. It depends on whether we hold the
view that agents have a set of internal coherent probabilities clearly stated in their mind or not.
If we consider that for any event F, an agent holds a clear subjective probability 7 (E), then
a good elicitation rule is one which makes the agent report an elicitated belief p(F) close to
m(E). It is well known that elicitation rules based on monetary incentives and thus where the
subjects have to choose the stakes, are subject to distorsion (see Kadane and Winkler (1988),
Offerman and alii (2009)). In particular, under the quadratic scoring rule a risk neutral subject
should report his ”true” belief. In other words, reporting anything else than the "true” belief
leads the subjects to an expected loss. This incentive property comes at a price however. Risk
averse subjects (and risk seeking ones) are expected to misreport their beliefs. The quadratic
scoring rule is thus expected to distort elicited beliefs, but evidence on the importance of this
effect are scarce in the literature so far. If one doubts about the ”internal view” that an agent
holds clear subjective beliefs, then the analysis becomes more complex. This is for instance the
position of Wallsten and Budescu (1983):

” Rather, an individual’s opinion is more-or-less vaguely formulated, and upon being asked
to evaluate the probability of an outcome, a person will search his or her memory for relevant
knowledge, combine it with the information at hand, and (presumably) provide the best judgment,
possible. That judgment will depend on what is retrieved from memory, what aspects of the
current information are utilized, and possibly on the sequential order in which this is all integrated
into a unified opinion” (p153).

Furthermore, we may well envisage that the elicitation rule interfere in the process of making
a judgment. At this stage, note that the revealed preference approach if of no aid. Indeed, it
just says that, beliefs as well as utilities are not directly observed, but rather are inferred
through their manifestations in behavior. Therefore, if one consider that subjective beliefs do
not exist per se, then he should not expect that elicitated beliefs through a proper scoring
rule or through a simple verbal report should coincide. Then what is a good elicitated p(E)
if we do not believe in the existence of 7 (E)? The revealed preference approach is not totally
empirically vacuous: it presumes that elicitated beliefs through different means should be the
same. Consider for instance a quiz task. When asked, if a subject guess that FE is true, he revealed
that p(E) > p(—=F). When we elicitate his confidence, we suppose that this confidence is equal
to p(E). Even if we doubt that there exist a precise subjective probability 7 (F) driving both
the guessing task and the confidence elicitation, it is realistic to think that the subject compute
”evidence signals” v(F) and v(—E) and guess on this basis. The hypothesis that confidence in
E increases in v(FE) and that the higher is v(E), the higher is the probability for the subject
of guessing right seems natural. On the basis of this hypothesis, we should expect a correlation
between confidence and success. It is already known that this correlation fails in some setting, for
instance the case of ”subliminal” stimuli where subject performs above a chance level but report



zero confidence in their guessing (see Del Cul and al. (2007)). Indeed, “subliminal”stimuli
receive a perceptual treatment and even permit to increase performance but these processes
remain inaccessible to consciousness. While rather extreme, the “subliminal”’stimuli example
indicates that belief signals in the brain may be diverse and elicitation rules may be connected
to more or less noisy belief signals. Thus, the idea is to judge the quality of an elicitation rule
by the quality of the elicitated beliefs. One facet of judgment quality is calibration, that is, the
match between subjective probabilities with the real actual success rate. Discrimination is an
other facet. The ability to discriminate refers to the capacity of individuals to make a distinction
between the probability of occurrence of two events. A subject that has very low discrimination
ability will provide the same probability whatever the events. It is important to note that such
a subject might however be well calibrated if he reports for each trial a probability equal to
his average success rate. Discrimination seems to be the primary criteria to compare elicitation
rules since discrimination measures the correlation between confidence and success. Calibration
is not so important since miscalibration or overconfidence is considered to be a widespread
bias and since some elicitation rules induce distorsion. For instance, subject may appear to be
well calibrated with the Quadratic Scoring Rule because their risk aversion compensates their
overconfidence.

The aim of this paper is to compare three representative elicitation rules. One is the
Quadratic Scoring Rule. We call the Free rule the simple rule where subjects are simply asked
to report their beliefs on a given scale and no monetary consequences derive from reported
beliefs. The main advantage of the Free rule is its simplicity. It is easy to handle and to ex-
plain. Furthermore, it saves some time as it takes subjects only a few second to report their
beliefs. The temporal dimension is important in experiment which require a high number of
trial like typical scan experiments. At a time when behavioral economics and neuroeconomics
intend to strengthen the links between economics, psychology and neurosciences, it could be of
interest to consider the Free rule and to compare its property to the rules used in experimental
economics. The last rule is the Probability Matching rule, also called lotteries by Kadane and
Winkler (1988), for which some economists has recentlty regained interest in (Holt (2006) Holt
and Smith (2009), Hao and Houser (2010)). The basic principle is to offer the subject the oppor-
tunity to exchange a lottery based on his subjective probability against a lottery with identical
payoff but known probability. Subjects are thus expected to accept such exchange as long as the
objective probability is larger than their subjective one. The trick is to use a mechanism that
provides incentives to reveal the truth by using a Becker-DeGroot-Marshak type of mechanism
(see below for a detailed description). The Probability Matching rule have the desirable property
that incentives are provided regardless of subjects’ risk aversion!. But, again, there is a price to
pay as the Probability Matching rule is quite complicated and thus cognitively demanding. It is
then of particular interest to test whether the complexity of the Probability Matching is indeed
a problem, i.e. are subjects able to use it accurately?

We compare the behavior of three groups of subjects who are ask to perform the same tasks.
We only vary the rule used to elicit their beliefs. The tasks to be performed are both cognitive
and perceptual tasks. The perceptual task allows us to go further in the analysis. Indeed,
signal detection theory which has proved to be a robust model in psychophisics for modeling
perception, permits to make prediction about confidence. Signal detection theory relies on two
main hypothesese

'Kadane and Winkler (19988) argues that this elicitation rule may not permit to disentangle beliefs from
utilities if the agents’ wealth is correlated to the event. For the tasks we consider, this problem does not hold.



e the visual system encodes the value of perceived visual stimuli with some noise,

e the brain being aware of the visual system characteristics treats the signals received by
using a Bayesian analysis.

Therefore, we can compare observed confidences with predicted ones. Beside comparing
rules on the basis of how well subjects discriminate, we will also examine how close observed
confidence are to predicted confidence.

Our design rules out any strategic interaction, i.e. subjects are paid according to their own
performance only. Using simple decision tasks, rather than games, allows us to rule out some
possible confounds that arise with strategic interaction (e.g. subjects may coordinate on some
strategy that allows them to predict their opponent strategy easily, transforming the initial game
into a coordination game). Our subjects have thus to assess their own probability of success to
simple tasks that only involve yes/no answers.

Our main finding is that the elicitation rule used does matter. According to various criteria,
the Probability Matching rule provides more accurate beliefs. As this rule also has the advantage
of not being sensitive to risk aversion, it has a clear advantage over the Quadratic Scoring Rule.
The Free rule does a decent job at eliciting beliefs and even outperform the Quadratic Scoring
Rule according to various criteria. These results suggest that elicitating rules introduce more or
less discrepancy in the translation of evidence signal used to perform task into stated confidence.
A possibility we envisaged is the fact that subjects may learn how to use the rule. The design of
experiment permits to test the presence of such learning effects. We find some mild evidence of
a progress in discrimination for the Probability Matching rule and the Quadratic Scoring Rule
but it does not modify our conclusion.

Above the particular problem of elicitation rule, discrepancy in the translation of evidence
signal into stated confidence may be linked to some intrinsic ability to form accurate confidence
feeling from evidence signal. Since we use two very different tasks, we can study whether we find
some pieces of evidence indicating some characteristic properties of judgment to form accurate
confidence. It is indeed the cas.

In what follows, we briefly recall their main properties and describe a simple experimental
protocol aimed at comparing then. In section 4 we introduce methods for comparing the elicita-
tion rules.In section5, we used the data to run the comparison. In section 6, compare confidence
accuracy beetween taks. Section 7 concludes.

2 Elicitation Rules

In this section, we will describe the three types of rule used and discuss their main theoretical
properties.

2.1 Proper Scoring Rules

Experimental economics proposes some methods to measure the subject’s beliefs. Following
the standard approach of paying subjects according to their decision, the belief’s elicitation is
incentivized in a way such that the payoff of a subject increases with the agreement between
stated beliefs and realized events. A scoring rule is defined as proper if it is incentive compatible,
i.e. if subjects can’t obtain a higher expected payoff by reporting a probability different than



the true one. In the literature, we can find some proper scoring rules as the quadratic (Brier,
1950), the logarithmic (Good, 1952), or the spherical one (Winkler and Murphy, 1968).

In experimental economics, the most commonly used proper scoring rule is the quadratic
rule 2. In its most simple version, when only two outcomes ”success” or ”failure” are considered,
the Quadratic Scoring Rule consists of a score (or reward) of Ssyccess = 1 — me-lw,e if ”success”

3

is the true state of nature and Sfaiure = 1 — P2,.0ess if “failure” is the true state of nature 3.

This extends to more general cases where there are n possible outcomes
n
Sip) = — B> (Tix —pr)*
k=1

were I; i, takes value 1 if ¢ = k and 0 elsewhere. Remark that this theoretical presentation which
is standard refers heavely to some subjective probabilities a subject has in mind. As noted in the
introduction, this explicit reference is not necessary in the instructions provided to the subject.

Note also that this rule guarantees a sure paiement when subjects report the same probability
for each possible outcome. Thus (very) risk averse subjects may prefer a sure paiement rather
than a risky one, and will not report there beliefs truthfully to limit the risk. This is the major
problem with the quadratic scoring rule, since it is an incentive compatible scoring rules only
under the assumption that subjects are risk neutral. But this assumption of risk neutrality is
inconsistent with many experimental results, as most experimental subjects appear to be risk
averse. This is a well known weakness of the Quadratic Scoring Rule, but, to the best of our
knowledge, there are no assessment of the importance of this limit. (Voir sii on laisse cette
phrase ou s’assurer que Offerman ne le fait pas).

2.2 The Probability Matching rule

In this experimental study, in order to elicit the level of confidence, we use a procedure (hence-
forth, the Probability Matching rule) put forward by Holt Holt (2006) Holt and Smith (2009)
and inspired by an experiment of Grether Grether (1992). Subjects are asked to report the
beliefs about a given event, say their probability of success in a given task. Now consider a first
lottery, called the task-lottery. According to the task lottery, the subject gets a positive reward,
S, if she succeeds and a smaller reward F' < S, if she fails. If the true probability of success
is p, the subject should be willing to exchange her task lottery for any lottery that provides a
reward of S with probability ¢ > p (and reward F' with probability 1 — ¢). So now consider the
following mechanism: after the subject reported a probability p, a random number ¢ is drawn.
If ¢ is smaller than p, the subject is payed according to the task lottery. If ¢ is greater than p,
the subjects is payed according to a new lottery that provides the same reward with probability
q, called the bonus lottery.

The Probability Matching rule is very much in the spirit of the Becker-DeGroot-Marshak
(1964) mechanism and does provide incentives to truthfully reveal p. To make this clear, suppose
that the subject thinks the true probability is p but reports a lower probability r. If the randomly
chosen ¢ is lower than r, the subject is paid according to the task lottery. If ¢ > p, the subjects

2Nyarko and Schotter Nyarko and Schotter (2002), Offerman, Sonnemans, Van de Kuilen, and Wakker (2009),
or Palfrey and Wang (2009))

3Note that under this rule, a subject who reports a value of .5 for both probability will get a sure score of .5.
Suppose now that he reports a probability of success of .7, he thus gets a gamble with .7 chance to get .91 and .3
chance to get 0.51. This results in an expected gain of .79.



benefits from the exchange of the lottery task to the bonus lottery. The interesting case arises
when r < ¢ < p. The subject is thus paid according to the bonus lottery, that has a lower
probability of winning than the task lottery. So, the subject is worse off. So underreporting p
makes the subject worse off with positive probability. Now consider a subject who overreports
by stating a r > p. Again, the interesting case arises when r > ¢ > p. In such situation, the
subject will not benefit from the bonus lottery and end up with the task lottery that has a lower
probability of winning. So overreporting leads to an expected loss. All in all, the subject has
then incentives to truthfully report his best estimates.

The true advantage of the Probability Matching rule is that even risk averse or risk seeking
subjects receive incentives to truthfully report the estimated probability. More details and a
formalization can be found in Karni (2009).

2.3 The ”Free” rule

The Free rules simply consists in asking subjects to report their beliefs, without attaching any
monetary consequences to stated probabilities. Nothing is done to provide incentives. Note that
their are no incentives neither to misreport as the consequences are the same as reporting the
”true” probability. The strong advantage of such a rule is of course its simplicity. It is the less
cognitively demanding one, especially compare to the two previous ones.

The Free rule is widely used in psychology and neurosciences. In particular, experiments
that involve scanning the subjects are very sensitive to response times, as the duration of the
experiment is limited and requires a high number of trials to obtain statistically significant
results. Thus, the Free rule is particulary attractive as beliefs are elicited in very short period of
time. It is also the case that psychologists are much less concerned by incentives than economists.
So providing incentives for beliefs elicitation sometimes seems pointless, especially if incentives
come at the price of a higher complexity.

3 Experimental Design and Procedures

In this section we present the design and provide details about the tasks involved.

3.1 Experimental design

The experiment took place at Laboratory of Experimental Economics in Paris (LEEP). Subjects
were recruiting using LEEP’s database. Most subjects are students in all area. The experiments
last for about 90 minutes. Subjects were paid 19 € on average. The experiment was computer
based using Matlab with the Psychophysics Toolbox version 3 (Brainard Brainard (1997)) and
the experiments have been done on computers with 1024x768 screens.

Our experimental design is based on two tasks that are described in the next subsection.
The important feature of our protocol is to use three blocks of tasks. The first block is composed
of quiz questions. Beliefs are elicited but no feedback is provided. Then subjects move on to the
perceptual task in which they get direct feedback. This should help subjects improving their use
of the elicitation rule. The third block is composed of quiz questions, similar to the ones used
in the first block, i.e. with no feedback. As we would like to compare the relative performance
in the first and the third block, quiz questions were chosen the so that they are comparable
(similar subjects and similar success rates)



3.2 Tasks

Our experiment involves two tasks which includes beliefs elicitation, a cognitive one and a per-
ceptive one. In addition, we included some preliminary questions to measure some psychometric
variables and risk aversion.

The cognitive task is composed of general knowledge questions, i.e. quiz questions, with
"yes” or "no” answers. Typically the questions are similar to the following ones: ” Is the distance
between London and Tokyo greater than 12 000 km?”. In this experiment, we use two blocks
of questions including 36 questions each. So, each subjects has to answer a total of 72 quiz
questions. A special attention was devoted so that each block is of similar difficulty.

The perceptual part is unusual in experimental economics but often used in psychophysics.
The aim of this task is to compare the number of dots contained in each circle (see figure 1). The
two circles are only display for a short period of time, about 1s, so it is impossible to count the
dots. Five levels of difficulty are used, i.e. bigger or smaller differences in the number of dots in
each circle. The difficulty of the task depends on the subject’s performance and is calibrated so
that at each level the success rate is the same for each subject, using a psychophysics staircase
(Levitt (1971)). Compare to the quiz questions, this offers a way of controlling the difficulty of
the task according to individual skills. Furthermore, as perceptual tasks are fast, it allows us
to get a high number of trials. In this experiment, subjects performed some preliminary trials,
used to calibrate the difficulty of the task, and then run 100 trials.

Figure 1: Perceptual task

3.3 Elicitation Procedures and payments

The general principles of each elicitation rule are described in the previous section. Here we only
provide details about the way each rule was implemented in our experiment. We also provide
details about the payments.

The cognitive tasks are paid according to a standard procedure to avoid edging problems:
one question is selected at random at the end of the experiment and payments are computed



according to elicitation rule used. The case of the perceptual task is different, as each successful
trial is reward 10cts. Subjects also received a show-up fee of 5 €.

Choice
Correct 10 9.98 | 9.90 | 9.78 | 9.60 | 9.38 | 9.10 | 8.78 | 8.40 | 7.98
Incorrect 0 0.98 | 1.90 | 2.78 | 3.60 | 4.38 | 5.10 | 5.78 | 6.40 | 6.98

7.5 6.98 | 6.40 | 5.78 | 5.10 | 4.38 | 3.60 | 2.78 | 1.90 | 0.98 0
7.5 7.98 | 840 | 878 | 9.10 | 9.38 | 9.60 | 9.78 | 9.90 | 9.98 10

Table 1: Quadratic Scoring Rule

Payments under the quadratic scoring rule are given in table 1. Subjects can thus get a

sure paiement of 7.5€ or take greater risks, e.g. receive 10€ if their choice is correct, but 0€
if they failed. Note that the corresponding probability were not reported. Indeed, we did not
tell them that if their confidence were at a certain probability level, then they should choose
a particular column. We feel that this unusual presentation is more in line with a preference
revealed approach and reduces confusion with the free rule.
The probability matching rule is implemented using a 0 to 100 scale, with steps of 5. Payments
are determined according to the procedure previously described. The subjects received detailed
explanations about the mechanism. The objective probability is determined using a uniform
distribution between 40 and 100. Note that the nature of the distribution has no impact on the
nature of provided incentives. Subjects receive 10€ for a correct answer if they are paid on the
basis of the task lottery. If they benefited from the bonus lottery, a random draw determine if
they win or not. Remark that in such case, their payment does not depend any longer on the
quality of their answer. A favorable draw also lead to a paiement of 10€.

Lottery 2
Keep their bet
100 p>h Loose
75 ’ / Iy > I
50
N . /
0 Get a lottery ticket
Confidence

<1
b ! Win
l2 < ll

Figure 2: Probability Matching

Lottery 1



For the Free Rule which is non-incentivized, subject has just to choose a level of confidence
between 0 and 100 (with steps of 5). Payments are based on responses only, whatever the
accuracy of elicited beliefs. A correct answer to the selected quiz question provides a payment
of 10€ (0 if uncorrect).

D

0 25 50 75 100

Confidence

Figure 3: Free Rule

Note that despite we use tasks with binary choices, the scale of confidence is from 0 to 100.
One can argue that a half scale from 50 to 100 is more relevant because if the confidence in an
alternative is less than 50% subjects should switch to the other choice. Subjects were instructed
that a 50% answer provides the highest expected payoff when they have no cue on what the
correct answer is. However, reporting values below 50% could be justified, in particular if (1)
subjects are sensitive to ambiguity aversion or (2) are sensitive to a competence effect, since we
learned from Heath and Tversky (1991) that subjects prefer to be paid on the basis of their skill
when confident (i.e. on the basis of the task lottery), and prefer a random paiement (i.e. the
bonus lottery) when they are not. According to Heath and Tversky, this phenomena supports
the view that success can be attributed to competence and failure to bad luck. Although we
don’t expect a strong effect in that direction, some subjects may report subjective probability
below 50 for these reasons.

4 Methods for comparing elicitation rules

In this section, we first present succinctly how we apply signal detection theory and then we
present three criteria based on statistical tools that are useful to compare elicitation rules.

4.1 Signal detection model

The starting point for signal detection theory is that nearly all reasoning and decision making
takes place in the presence of some uncertainty. The basic idea is that the subject receive a
noisy signal provided by the sensory system which treats the stimuli. In the perceptive task, the
subjects have to compare the number of dots contained in two circles. Since the display of circle
with dots last just for a short period time, the vision system sends a noisy signal to the brain.
A basic model assume that if x is the number of dots, the vision system sends a quantitative
signal y which follows a normal law N (x, 012) where o; reflects the sensibility quality of agent ¢
vision system. Therefore, when observing two circles with respectively z;, and zr dots (L and
R stands for left and right), the brain receives and compares two signals y;, and yr. He guesses
left in case y;, > ygr. Given the real difference ¥ = xj, — xR, the brain receive a §¥ = y;, — yr



difference in signal which follows a normal law N (:E L — TR, 0'22). In the task, there was always a
circle which contains 50 dots and the second circle contains 50 & «;. Five levels of difficulty were
defined. Two were the same for all subjects: 1) level ap = 0: the two circle contains 50 dots and
success was drawn at random, 2) level ay = 25: the second circle contains 75 dots. Three levels
were intermediary and adapted to each subject. During the training part, the medium difficulty
level ap was adjusted to a value in order to make the subject succeed in 70% of the case at this
level. That means that as is such F(0|ag,0?) = .3 where F is the cumulative distribution for
the normal law. Table indicates that o; = 3. The two other levels were fixed respectively at
a; = . and ag = 2az. Then predicted success rate at level oy is 1 — F(0]2, (%)2) ~ 0.60
and 1 — F(0|2awe, (%)2) ~ 0,85 at level a3. In fact, the training part was not perfect and during
the main task the mean success rate for all subjects was in reality at 67.7% at level ap. Then
if the model predicts that we should observe a 59 % success rates at level oy and 82 % at level
ag. Compared to the observed success rates which stand at 59% and 80% respectively, we see
that the model is quite robust.

Signal detection theory assumed that the brain system is able to run bayesian analysis of
perceptive signals. We use this approach to modelize confidence in order to predict expected
distribution of confidence. The idea is the following (see the appendix for more detail). Given
the signal received y, by using Bayes law the agent evaluate his probability of being right. To
apply Bayes law, we make the assumption that the agent is aware of the probability distribution
of dots used during the task and of his own sensibility quality ¢;. Then, from the distribution of
signal y given a certain T we can estimate a distribution of confidence p for each possible level
of difficulty. Using the probability distribution of dots, expected distributions of confidence can
be predicted as well as the values of the different criterias presented hereafter.

4.2 Calibration

At the empirical level, elicitation rules can be compared according to several criteria. The most
commonly used criteria is the distance between the mean predicted success rate and the actual
one. This is the so called calibration criteria. Well calibrated subjects are those who exhibit
a small distance between means that subjects, on average, accurately predict their success
rate. As the beliefs we are interested in are relative to self-confidence, we expect to find some
overconfidence in our data. It is thus likely that individuals predict higher success rate that the
one they really obtain. We will discuss this point more in depth in the corresponding section.

The measure of calibration is relatively straightforward. Consider a subject who stated
beliefs about n events, p;, being his stated probability for event i, x; being a variable that take
value 1 is he accurately predicts event i.

G 1 ¢
calibration index = - z; (pi — )
=

A calibration of 0 indicates a subject who is perfectly calibrated. A positive calibration indicates
that the subject is overconfident, while a negative one indicates underconfidence.

Note that by construction, the confidence predicted by the signal detection model exhibits
perfect calibration: the mean success rate for confidence p is exactly p.
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4.3 Discrimination

Another important criteria to compare elicitation rules is discrimination. The ability to dis-
criminate refers to the capacity of individuals to make a distinction between the probability of
occurrence of two events. A subject that has very low discrimination ability will provide the
same probability whatever the events. It is important to note that such a subject might how-
ever be well calibrated if he reports for each trial a probability equal to his average success rate.
Calibration and discrimination are thus two distinct notions, that both measure the accuracy of
stated beliefs.

The corresponding statistical measure is given by the area under the ROC curve. Receiver
Operating Characteristics (ROC) analysis is a graphical technique for visualizing, organizing
and selecting classifiers based on their performance. Here, a classifier is a dichotomous criteria
based on a given level of confidence. Consider for example, the classifier associated with the
level of 0.7. This classifier will predict that each task that received a level of confidence higher
than 0.7 will be classify as a success, while those with lower confidence will be classified as a
failure. Such a classifier is not perfect. It sometimes predicts success when it should not, these
are called the false positives. This allows one to compute the true positive rate (TPR), i.e. the
fraction of predicted success that are correctly predicted, and the false positive rate (FTP), i.e.
the fraction of failure that are incorrectly predicted. Each classifier can then be represented on
a two dimensional (TPR, FTP) space. Each level of confidence provides a point in this space.
One can then fit a curve that relates these points, which is called the ROC curve. The area
under the ROC curve (ROC Area) provides a measure of discrimination. The ROC Area is equal
to the probability that a classifier will rank a randomly chosen positive instance higher than a
randomly chosen negative one. It can be shown that the area under the ROC curve is closely
related to the Mann-Whitney U (Hanley and McNeil (1982)), which tests whether positives are
ranked higher than negatives. It is also equivalent to the Wilcoxon test of ranks. The ROC
Area is related to the Gini coefficient (G1) by the following formula: G1 + 1 = 2ROC Area.

One advantage of the ROC analysis is that it uses confidence level only ordinally. For
instance, if a subject is good to rank his confidences but has some problem to give absolute
values, his ROC Area can still be high. Furthermore, the ROC Area is immune to distorsion
bias induced by the elicitation rules. For instance, the ROC Area for QSR is not plagued by
risk aversion.

4.4 Composite index

One important measure of overall performance in the accuracy of a judgment is the Brier Score
(Brier, 1950). Let p; be the subjective probability of a subject on an event E; (e.g. confidence)
and xz; be an indicator function that equals 1 if the event E; occurs and 0 otherwise. The Brier

Score is given by
L Zn: (pi — :)?
n 4 7 (2
=1

where n is the number of elements in P the set of probability assessments. This index gives an
overall performance of a judgment with lower values indicate better performance. In order to
obtain an identification of the calibration and discrimination concepts we can use the Murphy
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Decomposition (Murphy, 1972 ; Yates, 1982) of the Brier Score which is expressed as following:

S= 0= 1) == SNy = 1P S Nylp = fy)?

peEP peP

where NN, is the number of times that the probability judgment of the designated event equals
the confidence category p, f, is the relative frequency of occurrence in that class, and f is the
overall relative frequency of the designated event. This decomposition could also be writing as

S=V-DI+CI

where V' is the variance of the outcome variable which is independent of the judgment, C'I the
calibration index measuring the difference between the observed hit rate (f,) and the identity
line, and DI is the discrimination index measuring the ability of the hit rate around the overall
base rate (f). This index and its decomposition are good measures of the accuracy of confidence
assessment. Note that contrary to the ROC analysis, confidence level are used cardinally.

5 Results

To compare elicitation rules, we consider two types of results, those based on observation of
confidence, the second based on quality judgment index. First, we pool the data for each rule
and examine the distribution of confidence obtained. In the case of the perceptive task, we can
compare observed and predicted confidence. Then we will compare elicitation rule according to
quality judgment index. Finally, we examine learning effects.

5.1 Confidence

As a preliminary step, we perform some descriptive analysis that allow us to get a general picture
of elicitated beliefs. In figure 4, we draw the cumulative probability distributions of elicitated
confidence for both task and for each rule. The results for all subjects are pooled.

It is clear that while the Probability Matching rule and the Free rule provide close cumulative
distribution, the quadratic scoring rule curve differs significatively from the two others. The
difference is due to the fact that the Quadratic Scoring Rule has a strong tendency to have
stated probabilities concentrated on two values, 50% and 100%: almost two third of elicited
probabilities are among these tow values, this is twice as much as for the two other rules.

For the perception task, we draw in figure 5 the cumulative probability distributions for
each rule and for the Signal Detection Model prediction (all subject pooled). The shape of the
Probability Matching curve and of the Free curve follows the SDT one while QSR differs a lot.

The difference between the QSR curve and the three others is also due to the concentration
of 50% and 100% probabilities with again almost two third of elicited probabilities taking these
values. Note that SDT predicts that only 24% of stated confidence should take these two values
(see table 12 in appendix). This visual feeling is confirmed by computation of the Chi-square
distance beetween observed and predicted confidence distribution for each group of subjects.
To fix the idea about the distance values, we also provide the distance beetween the predicted
confidence and the uniform distribution on [50%;100%] as well as the distance beetween the
predicted confidence and a Dirac measure that put a probability 1 on 100%. Results are given
in Table 2.
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Figure 4: Cumulative probability distribution of confidence for each rule
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Figure 5: Cumulative probability distribution of confidence for each rule and SDT

Chi-square distance btw. pred. confid. and... | PM (n=38) | QSR (n=35) | Free (n=35)
...observed confidence distribution 0.20 1.17 0.80
...a uniform distribution 0,29 0,31 0,28
...a Dirac measure d1qp% 5,29 5,97 6,08

Table 2: Chi-square distance beetween confidence distributions
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The PM rule clearly outperforms QSR in its ability to fit with predicted confidence.

For the perception task, we make subject follows a training phase during which an automatic
adjustment of difficulty was done so as to make the subject succeed at 70% for the medium
difficulty level. This adjusment was not perfect and during the main task subjects success rate
differ with a mean success of 71.2% overall, a standard deviation of mean success equal to 6%
and mean success ranging from 56% to 86%. Accordingly, the Signal Detection Model predict
that mean confidence should be lower for those for which the task was more difficult given their
ability (see appendix for detail). In the following table, we give the observed and predicted mean
confidence value as well as correlation beetween observed and predicted mean confidence.

Nb | Observed mean confidence | Predicted mean confidence | Correlation
PM |38 | 77% (9%) 2% (5%) 0.30%*
QSR | 35 | 7% (10%) 1% (4%) 0.02
Free | 35 | 79% (9%) 1% (7%) 0.12

Table 3: Observed and predicted mean confidence. (Std. in brackets) (* means significance at

10%)

We observe a significant correlation beetween observed and predicted mean confidence (at a
level of 10%) only for the PM rule while the is no correlation for QSR.

5.2 Quality of judgment

Before we compare rules according to synthetic index, we draw a general picture of how subjects,
taken together, do judge themselves. Fig.6 compares predicted success rate, according to stated
beliefs, to actual success rate. A strong result, i.e. that applies for the three rules, is that subjects
are globally overconfident. More precisely, the difference between expected and observed success
rate gets larger for high level of stated confidence. Pooling all the tasks for which subjects stated
a 100% probability of success leads to an actual success rate of about 78%. In contrast, low
confidence -around 50%- leads to actual success rate are that roughly in line with expected ones.
Even if the three rules are similar, some differences worth however noting. None of rules provides
strictly increasing curves. It is not always the case that a 5% increase in stated probability leads
to increase in the associated success rate. The most dramatic case is the one of the QSR, for
which there is not significant differences among stated probability in the range [65,95]. On
average, any such probability leads to an approximate rate of success of 67%. As a result we
expect poor discrimination in that range of values.

The fact that high confidence intervals lead to strong overconfidence should not be taken
at face value. As we used quizz questions, it is the case that some questions are misleading:
e.g. 80% of the subjects are pretty sure that they got the correct answer and thus stated high
confidence, while in fact they were wrong. The Fig.7 provides some indication of the frequency
of such questions. Removing these misleading questions will thus diminish overconfidence by
almost half.

An hard -easy effect is also observed for the perception task. Note that the Signal Detection
Model predicts such an effect. Indeed, since subjects form belief on the basis of a Bayesian
analysis of noisy signals, they are overconfident when the difficulty is high (g or a;) because
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This figure represents for the three rules the mean accuracy for each level of confidence between 50 and 100 with step of
5. We can see that probability matching and free rule have a more regular and almost linear increasing function than the

quadratic scoring rule which takes on average a same level of accuracy for the intermediate level of confidence.
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Figure 7: Ranked success rate and overconfidence to quiz questions

This figure shows the level of mean accuracy for each questions of the quiz. The circle corresponds to general knowledge
questions and the diamond to logical questions. The red bar is the level of over/under confidence depending on the direction
(up/down) of this bar. As we can expect, we find an ” hard-easy effect”, i.e. a a greater overconfidence for more difficult

sets of questions and some underconfidence for easy questions.

15



of erroneous signals and underconfident when the difficulty is low (a3 or a4). In Table 4, we
report observed and predicted confidence as well as the observed success rate.

Observed mean confidence | Predicted mean confidence | Succes rate

PM | QSR | Free PM | QSR | Free PM QSR | Free
ao | 1% | 69% | 2% 64% | 63% | 64% 45% | 52% | 50%
ay | 2% | T1% | 74% 64% | 64% | 64% 60% | 60% | 58%
as | 72% | 3% | T4% 66% | 65% | 66% 69% | 67% | 67%
as | 77% | 6% | 8% 1% | 69% | 70% 2% | 719% | 80%
ay | 94% | 96% | 94% 95% | 95% | 91% 100% | 100% | 100%

Table 4: Observed and predicted mean confidence. (Std. in brackets)

Remark that the Signal Detection Model predicts very small differences of mean confidence
for the three more difficult level while success rate range from 50% () to 70% (az2). Empirically,
these predictions are confirmed for the three rules.

We turn now to the statistical index quality judgment. Table 5 provides some measure using
the statistical index described above. QSR performs better in terms of calibration, displaying a
lower degree of overconfidence than the two other rules. As expected, the PM rule provides a
better discrimination than the scoring rule with an area under the ROC curve of 0.6401. The
Brier score provides an aggregate measure. The PM rule clearly outperform the two other rules
with a Brier score of 0.2245. The more surprising results is that the Free rule appears slightly
better than QSR.

’ Rule ‘ Brier Score ‘ Overconfidence ‘ ROC Area ‘
PM 0.2245 0.0822 (.0057) 0.6401 (.0070)
QSR 0.2262 0.0668 (.0061) 0.6300 (.0073)
FR 0.2259 0.1065 (.0060) 0.6305 (.0074)
(PM - QSR) | -0.0017 (0.0026) | +0.0153 (0.0329) | +0.0101 (0.3186)
(PM - FR) | -0.0014 (0.0314) | -0.0243 (0.0017) | +0.0096 (0.3458)
(QSR - FR) | 4+0.0003 (0.3830) | -0.0396 (0.0000) | -0.0005 (0.9608)

Table 5: Comparison of rules

This table (as the folowing) summarizes the values and the tests of differences of the three criteria used to evaluate the
accuracy of confidence for the three rules. For each rules, we have the value of the Brier score, the level of overconfidence
and the area under the ROC curve with the standard deviation. Then, we compare the rules two by two and find and
level of difference for each criteria. We perform a test of difference: for the Brier score and the overconfidence we test
the significativity of the inequality between the rules (t-test with the p-value in parenthesis); and for the AUC we test the

significativity of the equality between the rules (Chi-square test with p-value in parenthesis).

And, as already mentioned, the discrimination is rather poor for the intermediate level
of probability. Part of this result can be interpreted as a direct effect of risk aversion. A
stated probability of 50% provides a sure paiement, will higher probability means taking a risk.
However, this does not explain the poor discrimination associated with higher probability, nor
the attractiveness of 100%. An explanation for the underperfomance of QSR is the noise that
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this rule induces in the process of translating the beliefs used in the performance task in elicitated
confidence. In the previous section we observed that for the perception task, stated confidence
were far from predicted confidence in the case of QSR. It is also the case for discrimination.
Indeed, the Signal Detection Model predicts that those for which the task was more difficult
given their ability should have a lower discrimination index, either measure by the ROC area
or by the Brier score. Furthermore, we expect to observe correlation between observed and
predicted discrimination index. Clearly, we observe in table 6 that the level of correlation are
poorer for QSR than for the two other rules. For ROC area, there is no correlation for QSR.
Among the two other rules, the PM rule is slightly better than the Free rule.

Correlation Nb | Mean succ./ROC | Mean succ./Brier | ROC obs/pre | Brier Obs/pre
i | bt L | T s e
e | e [ B O
Free gfj' 35 8:2332::* :8:232?:: 0.4617%+ 0.7680%**

Table 6: Correlation between mean success rate, ROC Area and Brier score (observed and
predicted) for the task perception (*** means a level of significance at 1%. ** means a level of
significance at 5%)

5.3 Learning

Our experimental design offers subjects the opportunity to learn using feedback. Remember
that we use three blocks of questions. The second one is perceptual tasks with feedback. The
idea was to used this task as a training phase for the elicitation rule. Therefore, we can compare
beliefs’ accuracy in the first and third block (where the tasks to be performed are quiz questions
of similar difficulty). The following table provide details about the learning effect under the three
different rules. Table 7 compares the relative performance in the two sets of quiz questions. The
overall effect is limited and its direction is unclear. If learning occurs, we should observe more
accurate results, i.e. better calibration or better discrimination. This is not what we found. The
most significant effect, if any, is found for the PM rule. The brier score increases from 0.2464 to
0.2548, mainly because calibration is not as good as in the first part. This does not completely
rule out the possibility that subjects indeed learn as another effect, e.g. subjects get tired, might
work in the opposite direction. But even if this is the case, we can conclude that no rule has a
clear advantage in term of learning.

6 Inter-task comparison

Up to now, we did not go into the detail of individual data but differences appears either
in terms of calibration than in terms of discrimination. Overall, calibration ranges from an
underconfidence of -14% to an overconfidence of +39% (Std = 10%) while ROC areas vary form
0.51 to 0.79 (Std. = 0.06) and the Brier scores from 0.14 to 0.39 (Std = 0.04). In economy,
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Tasks Brier Score Overconfidence ROC Area
PM_Q1 0.2464 0.1117 (.0131) 0.6158 (.0154)
PM_Q2 0.2548 0.1326 (.0130) 0.6318 (.0151)

PM_(Q2 - Q1) || +0.0084 (0.0000) | 40.0209 (0.1282) | +0.0160 (0.4594)
QSR_Q1 0.2607 0.0786 (.0142) 0.5770 (.0161)
QSR_Q2 0.2589 0.0934 (.0141) 0.5949 (.0157)

QSR_(Q2- Q1) || -0.0018 (0.1842) +0148 (0.2295) | +0.0179 (0.4270)

FR_Q1 0.2586 0.1510 (.0137) 0.6143 (.0158)
FR_Q2 0.2590 0.1448 (.0138) 0.5885 (.0161)

FR_(Q2- Q1) || 40.0004 (0.4177) | -0062 (0.3741) -0.0258 (0.2533)

Table 7: Learning: cognitive tasks

overconfidence is highly discussed (Camerer, Biais) but discrimination is not considered
while it is probably an important aspect of behavior. However, we observe some subjects are
completly unable to discriminate: their stated confidence are totally uninformative about future
success and failure. Formally, calibration and discrimination are statistically independent: one
can be very well calibrated without discriminating well and vice versa. One exception is the
case of extreme behavior. For instance, a subject who is always 100% sure is overconfident
and discriminates badly. One interesting thing to examine is to see whether we find empiral
correlations beetween the two dimensions. Table 8 indicates correlations for subjects whose
overconfidence is below 30%.

Corr. btw. Calibration and ROC area | All (104) | PM (38) | QSR (34) | Free (32)
All task -0.14 -0.06 -0.35%* -0.01
Quizz task -0.20%* -0.17 -0.39%* -0.18
Perception task -0.11 -0.07 -0.14 -0.12

Table 8: Calibration versus discrimination

We find significant correlation only for the Quizz task and this is driven by the result obtained
using QSR. Since we observe before that QSR seems to perform badly in elicitating confidence,
it appears that calibration and discrimination abilities are independently distributed in the
population.

Are judgment abilities domain specific? There is some experimental evidence that people are
overconfident over domains even if their level of overconfidence vary with the domain, and that
more overconfident people in one domain tends to be also more overconfident in other domain
(see West and al. (1997)). For discrimination it seems also to be the case that discrimination
abilities exports accross domains (see Bornstein and al. (1999)). In table 9, we report our
findings on this question.

For all rules, we find some high correlations for calibration. For the QSR, this especially
high correlation drives the correlation observed for the Brier scores. For discrimination, we find
significant correlation only for PM and for the Free rule. Note that the Signal Detection Model
predicts that subjects cannot have a high ROC area if their task was hard in the perception
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Corr. btw. Quizz and Perception | All (104) | PM (38) | QSR (34) | Free (32)
Calibration 0.57**% | 0.47%FF | 0.69%** 0.49%**
ROC area 0.27**% | 0.35%* 0.15 0.33*
Brier score 0.29*** 1 0.18 0.43** 0.28

Table 9: Correlation beetween task

task. Thus, to measure the subject intrinsic discrimination ability, we must take into account the
predicted ROC area which is a benchmark value. So we create a ROC performance attainement
measure defined as follows:

_ ROCarea(observed) — 0.5

ROC-pa = ROCarea(predicted) — 0.5

We expect this variable to correlate with the ROC area observed for the quizz task. In table 10
we report these correlations.

PM (38)
0.31*

QSR (34)
0.00

Free (32)
0.07

All (104)
0.10

Corr. btw. quizz ROC area and ROC_pa

Table 10: Correlation

Significant correlation remains only for PM. This last result indicates two things. First,
discrimination ability seems more domain specific than calibration alibility. Nevertheless, we
see that in order to study such sophisticated question, the choice of elicitation rule matters a
lot.

7 Conclusion

The choice of a particular elicitation rule does matter. If we concentrate only on discrimination
and calibration index, these differences are not so big but still significant. Signal Detection
Theory permits to make finer prediction about beliefs formation and to make forecasts about
what we expect to observe. What is striking is that this model which is known to be very robust
to predict performance and behaviors generates predictions that fit quite well with the data
obtained with the Probability Matching rule and not so badly with the Free rules’ data. With
QSR, the fit is clearly poorer. In our view, these results show two things: Signal Detection
Therory which assumes that beliefs signals are formed when performing task is a good model
and that the elicitation rules which ask subject to reports their feelings in terms of a visual
metric outperform elicitation rule which are based on a revealed preference approach through
the choice of stakes. Incentives is not the main issue even if we can suppose that incentives
explain why Probability Matching outperforms teh Free rule. For experimental needs, if one
expects some precise values, then QSR does not seem to be a good candidate. QSR is the more
popular rule in experimental game theory. A disturbing question arises when we compare the
relative performance of subjects in pure decision tasks, like the ones presented here, to the case of
strategic interaction where subjects have to form belief about their opponent’s behavior. Costa-
Gomes and Weizsacker (2008) for example found that subjects perform poorly in predicting the
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behavior of another player in three by three games (see appendix B of their paper for more
details). In our decision tasks, subjects obtain better Brier scores than someone who does not
discriminate at all by stating probability of 0.5 for every question. The same is not true for the
subjects who participated in Costa-Gomes and Weizsacker, they are doing, on average, worst
than subjects that assign to each possible outcome the same probability. Is it a problem of poor
strategic decision thinking or the Quadratic Scoring Rule is part of the problem?

8 Appendix

8.1 Signal detection model
We detail here how we apply the model.

8.1.1 The basis for the prediction of confidence distribution

Consider for instance a subject who receive a signal iy = y;, — yr > 0 and thus who guesses left.
The signal ¥y follows a normal law with a mean equal to the real difference in dots T = z; — zg
and a variance o? where o; reflects the sensibility quality of the subject. We assume that the
subjects’ brain is aware of the quality of his vision system and of the distribution of dots used
during the task. We then apply a Bayesian analysis.

Given a value g, the subject confidence in winning is equal to

P(y) = Proba(z = z1, — xg > 0|y) + .5Proba(z = z1, — xg = 0|y).

The second term catch the probability of evenness between xy, and x g in which case the subject
win with a .5 probability. By Bayes law,

_ Proba(y|z > 0).Proba(z > 0) + .5Proba(y|z = 0).Proba(z = 0)

N Proba(y)

Under the assumption that the brain is aware of the distribution of dots used during the
task, then:

P(y)

Proba(z = 0) = Proba(z = +«;) = Proba(z = £25) = .2

(,_Oz @7 = aj)>
P() = —
( > = a;-)) + ( > fGa= a»)
A 7=0,..,4

and thus

§=0,..

with f the density function of the normal law.

Similar computation for a negative signal —y shows that P(—y) = P(y). We note that
confidence P(¥) is strictly increasing in |y|. Then, the probability to observe a confidence level
p is the probability that the brain receive a signal y such that P(|y|) = p. Given «;, the density
function for the confidence p is equal to

L FEE—a)+fTEma)t ) o -
o) =5 F by ) tor 0 st P =5
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In the experiment, confidence was elicitated with a path of 5%. We do the same for the
prediction of confidence. Hence, we suppose that an elicitated confidence of 50 % corresponds
to an underlying confidence between 50% and 52.5%, of 55 % corresponds to an underlying con-
fidence between 52.5% and 57.5% and so on .....Therefore, given «;, the probability of observing
p € {.55;.60;...} is

p=p+.025

Q(play) = / g(p)dp.
p=p—.025

and overall, the predicted distribution of confidence is given by

Qp) =2 Y Qplay).

§=0,..,.4

By construction, the predicted confidence reflect perfect calibration, that is, the mean success
rate when confidence is p is equal to p:

Proba (Correct Guess|p) = Proba (z.y > 0|p)+.5 Proba(z = 0|p) = p for y such that P(|y|) = p.

For our estimates, we make the approximation that when pooling confidence, we also have
perfect calibration, i.e:

Proba (Correct Guess|p) = p for p € {.50;.55;.60;...; 1}

8.1.2 Implementation details

The model is applied at an individual level. The first step is to estimate for each individual
his ability ;. His ability is revealed through his success rate at levels aj—1, 4. At level o, we
observe n; ; trials and r; ; successes. We compute o; such that

> nij F0lag,00)= > rij
j=1,..,4 j=1,..,4

The following table gives the descriptive statistics for the o;.

Nb | Mean | Std. Dev. | Min;Max
o; | 108 | 7.95 | 5.30 2.8 ;50.5

Table 11: Ability

From o;, we can compute for each 7 and level o the confidence distribution on p € {.55;.60;...}:

P=p+.025

Qilplay) = / 9(F)dp

p=p—.025

The overall confidence distribution is then computed using the observed levels’ frequencies:

n/[:" . N
Ql(p) = ]:OZ \ 106-Qz(p|aj)'

21



18%

16%

14%

12%

10% -

8%

6% |

a% |

2%

(}% -
50% 55% 60% 65% 70% 75% 80% 85% 90% 95% 100%

Figure 8: SDT prediction of confidence distribution

Some descriptive statistics for the confidence distribution are given in the following figure.

Given these confidence distributions, we can calculate predicted judgment quality index.
Calibration is not really an issue since predicted mean confidence, predicted mean success and
observed mean success should be very close by construction. The only divergence comes from
the fact that empirical success rate at level ap may not be exactly 50% because of a low number
of trials and form the approximation done in the estimation of confidence. We can check in the
next table that it is indeed the case.

Difference btw... Nb | Mean | Std. Dev. | Min;Max
predicted and observed mean success 108 | .00 .02 -.04;.07
predicted mean success and predicted mean confidence | 108 | -.00 .01 -.02;.02

Table 12: Consistency of prediction

For discrimination, to calculate predicted area under the ROC curve we first estimate pre-
dicted True Positive Rate and False Positive Rate at each cutpoint. For instance, if we consider
fix confidence level p as a cutpoint, TPR is given by:

Predicted mean success — > p’.Qi(p)
p'<p
Predicted mean success

Proba(Confidence >p|Success) =

and FPR is defined by:
> (1=p).Qilp")

Proba(Confidence > p|Failure) = Przl(;iite T monn failure”

Given estimation of TPR-FPR at each cutpoint p € {.50;.55;.60;...;1}, a predicted ROC
Area can be computed by subject.
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Finally, computation of predicted Brier score by subject is done by using the following
formula:

Y Qi) [pp-1)*+(1-p)p

pe{.50;.55;.60;...;1}

The following table gives a summary of the values obtaines

Nb | Mean | Std. Dev. | Min;Max
ROC Area | 108 | .72 .05 .55;.83
Brier score | 108 | .18 .03 12:.25

Table 13: Predicted ROC area and Brier score
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